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RESPONSE OF PRESTRESSED SIMPLY SUPPORTED
RECTANGULAR PLATES TO RANDOM TRANSVERSE
UNIFORM PRESSURE
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Department of Civil Engineering, University of Southern California, Los Angeles,
CA 90089-1114, U.S.A.

Abstract—The method of equivalent linearization and the Markov-vector approach are applied to
the problem of the single mode nonlinear response of a stretched or compressed simply supported
plate subjected to random uniform pressure. Closed form results are obtained for the latter solution
in terms of parabolic cylinder functions which are tabulated and whose asymptotic forms are known.
RMS values of maximum deflection and stress calculated by the two methods are compared and
are found to be in excellent agreement provided the plate has not buckled. For buckled plates the
two methods yield values which differ significantly for low values of loading spectral density.

EQUATIONS OF EQUILIBRIUM AND COMPATIBILITY

The equation of motion of a flat plate undergoing moderately large deformations is given
by the Von Karman—Mindlin equation
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where Fis an Airy stress function such that
0*F
N, = Fe (2a)
J0*F
N,=35 (2b)
O°F
xy = m} (20)
and inplane and rotary inertia have been neglected.
Compatibility of inplane displacements is assured by satisfaction of the equation
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The rectangular plate (Fig. 1) is assumed to be simply supported on all four edges so that
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Fig. 1. Plate subjected to mplane loads and random uniform transverse pressure.
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w=M =0 x=0,4a
w=M =0 y=0»

with the bending and twisting moments given by
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In addition the edges are assumed to have undergone uniform inplane displacements
prior to the imposition of transverse loading and to remain fixed in position thereafter.
Inplace edge shear stresses are assumed to vanish, however. Thus the following edge

conditions also apply:
No=0 x=0,a;y=0,b

u=0 x=90, u=~u, x=a

v=0 y=0, v=—p, y=5b

with the inplane displacements given by

du_N,—wN, 1 (a_:».:)z

& N,—wN, 1 (6w)2
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SOLUTION OF THE EQUATIONS

The deflection function is assumed to be given by

& ad _ . mnx . nxw
w=h Y Y W) sin % sin 7
me= 135, a=1.3.5.. a b

Then the stress function may be obtained from egn (3) as

F= —4(Noy*+N, x2)+---~7~r~2——£h—3 fj i Wi
2 x0 »0 16(1—'V2) b2 ” mn

=1,35...n= 13,5

. m O\, (m 2) .| ERB* 2 °° rmxX  Smy
[(Vﬂz +n )x +(ﬁ2 +vn? |y 3 Y Y ¢cos 5 oS

r=0,24,..5=024,..

®
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The coefficients ¢,, are quadratic functions of W,,, and are identical with those of Seide

(1978), and
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Eh (u, v,
Nxo—tF(_a— +V*b—) (11a)

_ Eh (vg |y
N“'O—l-v2<b +va> (11b)
B = ajb. (llc)

The stress function satisfies the edge conditions on shearing stress and on required edge
displacements.

‘When the assumed deflection function and the associated stress function are substituted
into eqn (1) and the Galerkin method is used, the time variation of the displacement
coefficients are found to be governed by the following differential equations

dzw”‘ _dW,-j 2 - - - 1 -
ar +2C? + D5+ Gij (Wona) = i_jp(t) (12)

m=1,3,5..., n=13,5,...

with g;; a cubic function of the deflection coefficients w,,, (Seide, 1978). For a one term

approximation

Gi =3[§—;-v—2(£;+1)+ %]wi,. (13)

The nondimensional quantities in the differential equations are defined by
t= (%)1/21 (14a)
= (%}%)llzc (14b)
oo = Tt (140
vo = Z’fgz (14d)
pe (14¢)

The small deflection frequency parameter is given by

iz 2 i2
(Dizj = (Ei +_]2> —_(kxoﬁ +ky0j2>. (15)

Equation (12) comprises a set of coupled nonlinear equations which can be solved only
approximately. In the present problem the loading p is a random function of time so that
the time averages rather than detailed time distributions are required.

EQUIVALENT LINEARIZATION

One of the approximate methods of solution is that of equivalent linearization
wherein the coupled nonlinear equations of motion are replaced by the uncoupled set of
equivalent linearized equations.
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db,, __dw, I

di-z +2¢ T-i—w,/w _~p(t) (16)
i=13,5,...
j=135,...

The mean-square error of the linearized equations is defined by

<ei2j> = <[(a-)i2j_a-)izjgg)wij+g-ij(wmn)]2>' (17)
i=135,...
Jj=13,5,...

The equivalent frequency is chosen so as to minimize the mean-square error yielding

_ 5 PG (Wmn)
JEQ J <W,2]>
(W,-W,,,,,W wr.\'>
= L By = S (18)
mnp.g.r.s ij

A procedure similar to that of Seide (1976) gives for uniform pressure having a
“white noise” (constant spectral density) time variation

- - l.] S.l' 'mng rs + S-i' S_mnrs + S_i 'rsS_mn )
2 — 2 b . . J: pg jpq 3 Pq ]9
CL)UEQ wu +mv"§q‘r‘x iymnpgrs mnpqrs ( g,'j,‘j ( )
with
SIWW = valu
87'[S()E
= 20
(@1 a2, 854Gk, T G) (20)
and
256555,
5o = 2T Dpm T @n
Here S, is the spectral density of the loading p.
The time or ensemble mean-square displacement is now given by
(o> = E[(‘{), ]
y:z;Z
© <] «© ®© (__ 1)(i+j+m+n)/2 S
= — o Sijm (22
i=l;S.mj=I;S,.4.m=I.ZJ,S....n=l.3,5.4., rymn ¢ )

Although the differential equations have been linearized, the procedure involves the solution
of the set of nonlinear algebraic equations given by eqns (19) and (20). Calculations
(Tehranizadeh, 1987) indicate that a single term in the infinite series is sufficient.

Thus, for the unbuckled and buckled plates respectively
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Equivolent Linearization
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Fig. 2. Comparison of calculations of RMS center deflections.
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~ 3[ <1+— + = [W2a Yo
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o ./1+6§/w;+1(w“ (
Sjot,

= ——————(&, < 0) (23b)

J1+63jat —1

with

342 1
S= 3[_4»_ ( 1+ F)*— t%]nso/é. 24)

If the axial load is at the critical value so that @7, is equal to zero

of | 3—v? i v, S
E<3[—4—- (1 + F)-{- E{Iwmx) = \/% (25)

The RMS values of center deflection given by eqns (23)—(25) are shown by the solid curves
in Fig. 2.

FOKKER-PLANCK EQUATION
With the use of a single mode (w,, # 0, w;; = 0 otherwise), the equation of motion
becomes

d¥w,,

dw . 3—v2i{1 v -
i +2c'—d%+a3%,w1.+3[—z—(b¢4+1)+?]w%,=p(z). (26)

If 5(¢) is Gaussian white noise, then the transition probability function q is governed by the
Fokker~Planck equation (Lin, 1967)

3—v?

K a - - - 1 v _ a
a—t—+ a—ﬂ:(w“q)— a_ﬁ')l: {26W1,+a)%lwn+3[T (B'j + 1>+ P]W?l}q—ngoa% = 0.
@n

If, furthermore, the response is stationary the solution of the equation may be obtained as
(Lin, 1976)
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qz‘Il(WH)CIz(”_"n) (28a)
with
26 v, _, 33—yt 1 Vo]
ql(ﬁ'n)=C|exp<—;§;{§cbi,wﬁ+z[ 4 <1+E;>+FJW?,}> (28b)
= ¢ 29
qz(wll)=C23xP<—;r‘§(; ’71> (28¢c)

where C, and C, are normalization factors such that

f gi(wy ) dwy, =f 42(‘511)‘1”.’” = 1. (284)

We note the following integrals (Gradshteyn and Ryzhik, 1980 and Abramowitz and
Stegun, 1964).

) e e gy = ————1 er’/&l{ﬁU(O’ Y/\/ﬂ) 720 (29a)
o (u'* aV(l, —y/\/2w) y<0
Jr b
~— U(l,—~> y=0
2 2
® 2 4 2 #
[ eemmngen Logmi * -
- #) nV(l,———y) y<0
V2u

J‘w e ™ dx =, /nly (29¢)

and U, ¥V are parabolic cylinder functions. With the aid of eqns (28) and (29) the mean-
square central deflection can be found to be given by (Lin, 1967)

E(”-’%u)J‘ wiig, () dwy, (30a)

or

[ l/(l, @i, )
_‘S_S;E(ﬂ')fn =0) (302)
2 U<O’ w/'I:/z)
E‘{3[3—_—V—<L+1>+ l]wz }=§”2 >
TRAVARAVAN S V<1 —caf,>
—4@‘(@)2 0). (30b)

The values given by eqns (30) are shown by the dashed curves of Fig. 2. It may be seen
that the results are in close agreement with those of equivalent linearization when the plate
is unbuckled (&1, = 0) or when the loading spectral density is large. For sufficiently large
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Fig. 3. Variation of zero-crossing frequency with spectral density.

spectral density the RMS deflections are independent of the initial stretching or compression
of the plate. The method of equivalent linearization is seen to be seriously in error when
the nonlinearity of the equation is severe.

The calculated probability function may also be used to obtain the rate of zero crossing
of the plate center deflection. The number of crossings per unit time of the desired level
w,, = 0 is given by (Lin, 1967)

[*oo

lﬁ.’x 1 “h(‘f’l 1) d"f’l 1]9’1(0)

NO)=N*0)+N(0) = [

f 1

Sua 162, ) U(O,(Iju/’gl/z)
= ——— CXP —Z-"f' 1 (31)
@}, <0

These results are shown in Fig. 3 and also indicate that the results are independent of
stretching or compression for large values of spectral density.

MEAN-SQUARE STRESSES

While mean-square stresses are known to require the evaluation of many more terms
than a single term, a comparison of one term results given by equivalent linearization and
the solution of the Fokker-Planck equation may serve to indicate the accuracy of the
method of equivalent linearization. One-term membrane and bending stresses at the plate
center are given by

G -
" =3 (2 ) o
=)o -
o1 e -

Then mean square maximum stresses are given
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Fig. 4. Comparison of RMS stress in a square plate by two methods of analysis (k.o = k.o = ko
v=10.3).
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In the case of equivalent linearization E(&},) is given by eqn (24) and
E(w},) = 3E(w}))’ (34)

while for the solution of the Fokker—Planck equation E(w?,) is given by eqn (30) and

- &2
3 U<2’_'l/—12)
= @}, =20
-4 © -4 - - ﬂgo/(.-' s
Ewi) = wiigi (W) dw,, = 3_y2 1 ) -2 (35)
Cw i _ @
5 ()] | 2 50)
— L&t <0
o)
Results are shown in Fig. 4 for a square plate with v = 0.3 and
kxO = kyO =ko (36)

and indicate that the one mode stresses obtained by the two methods are in excellent
agreement so long as the plate is unbuckled (k, < 2). It may be conjectured that equivalent
linearization results using additional terms are accurate. For buckled plates, however,
results given by equivalent linearization are unconservative. Accurate stress values in this
case would be obtained only by actual test or by numerical simulation.
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